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1. INTRODUCTION AND SUMMARY 
We consider the degree of approximation of functions in CJO, I] by the 
operators M, , which differ slightly from the operators introduced by Meyer- 
K8nig and Zeller [3]. The M, are defined by 
where 
&k(X) = (1 - ++I(” ; k, Xk (x E [O, 11; 71 E N), 
and with M,(fi 1) := lim,, M,Jf, X) =f(l). The following interpretation is 
often useful (for probabilistic arguments we refer to [I]). 
(1.1) 
where K, is a random variable (also defined for n = 0) with 
J-W, = 4 = P,&), 
and where E denotes expectation. It is well known and easily proved (using 
either Korovkin’s theorem or the weak law of large numbers, cf. [l, p. 2191) that 
M,(f; x) +f(~) uniformly on [0, I] f  or everyf E C[O, 11. For general properties 
of the M, we refer to [2, 31. 
We shall be concerned with the quantities C:‘(X) defined by 
c$qx) = nl-OL sup I Wdfi 4 - f(4l 
fq %(fi n-q 
(l-2) 
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for (Y. E [0, 11, x E [0, 11, and n E N. Here wl(f; 6) :- w(f’; 8) denotes the 
modulus of continuity off ‘. As M,(f; .) = f  f or all linear functions f ,  these 
functions are of no interest to us, and we disregard them in (1.2) and in the 
sequel. We further define 
c’,) : = osu$ c?‘(x) = o’=Tl c?‘(x), 
-. 
p := sup ,(a) l--or n =supn 
sup sup I MYif; 4 -fW 
(1.4) 
PERi TEN Os$<lf~Cl wdf; n-9 . 
In Section 2 we give some preparatory lemmas. Section 3 contains a (compli- 
cated) explicit expression for c:)(x), simple upper bounds for C:“)(X) and c;‘)(x), 
rather narrow bounds for N2), and the exact value of c(l). In Section 4 we obtain 
the asymptotic behavior of cc)(x) and cr) for n -+ 00. 
Our result about Nz) is an improvement of a theorem by Lupas and Miiller 
[2], who prove that N2) < 0.533;l we prove that &a) < 0.200 (in fact, we 
can prove that c(~/~) < 0.170) and conjecture that c(~/~) = lim,,, c(n12) = 
0.15468679. 
As many of our proofs are similar to the proofs of analogous results for the 
Bernstein operators (cf. [4-6]), we do not give these proofs in full detail. One 
of the main complications is that for polynomials P the functions M,(P; .) are 
not explicitly available, except when P is linear. 
For approximation results for functions in C[O, l] we refer to [2, 7, 81. 
2. PRELIMINARY RESULTS 
All subsequent results will be based on the following lemma. 
LEMMA 2.1. For each 6 > 0, each$xed x E [0, l] and all n E N 
sup 
1 Mdfi x> -f(x)I = M,(f; x), 
f-z, 4fi 6) 
where 
with a + : = max(a, 0) (the functions f  will be termed “extremal”). 
Proof. This is practically identical to the proof in [4] of the analogous 
theorem for Bernstein operators, where the same extremal functions are obtained. 
We remark that J# C,[O, I], but f = Em,, fm with fm E C,[O, 11. 
1 Here and elsewhere, numbers are rounded to the last digit shown. 
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The next four lemmas will be used to obtain bounds for c:)(x). 
LEMMA 2.2. 
Mn((t - x)2; x) < “f ; yp + x2(1 - x) (2 - x) <, x(1 - x) 
(n + I)* N9 n+l ’ 
(2.2) 
%.(I -x)*(1 f%) < M,((t - x)2; x) < +x(1 - X)” (1 + $) 
(n b 2). (2.3) 
Proof. For the first inequality in (2.2) we refer to [7], the second is easily 
verified. The inequalities in (2.3) can easily be proved using the inequalities 
n-l 1 1 1 1 
n k+n-1 <k+n 
and - 
k+n<k+n-1’ 
respectively, and evaluating the sum that is obtained that way. 
LEMMA 2.3. Let S, be defined by 
S,(x) = 2pz1/2Mn(l t - x I; x) (0 < x < 1). 
Then S,(l) = 0. Further, we have the following properties. 
(i) I f  I is the largest integer not exceeding nx/( 1 - x), then 
(2.4) 
S,(x) = d/2 n ; y x7+1(1 - x)n+1 ( 1 (0 <x -=c 11, (2.5) 
which is decreasing on (4, 1). 
(ii) I f  II S, II := mq6Gl SJx), then 
II sn II = %I ($ (n = 1, 3,...), 
=&(&) (n=2,4,...); 
$ = II SI II -=I II s3 II < II s, II < **.> 
& w2 = II s2 II < II s, II < II 4 II < -** - 
(iii) 
S,(x) - (271)-l@ x-y 1 - x) 
I/ S, [I - S,(h) - 0.15355296 
(n --+ co). 
(2.6) 
(2.7) 
W) 
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Proof. (i) Using the fact that M,(t; x) = X, we easily have 
which is readily seen to equal the right-hand side of (2.5). From (2.5) it follows 
by differentiation that S, decreases on each subinterval of (4, 1) where r is 
constant. As S, is continuous, the result follows. 
(ii) We note that S, has a unique maximum on each subinterval of (0, &) 
where r is constant, viz., at x = (Y + l)/(n + r + 2). Comparison of these 
maxima yields (2.6) and (2.7). 
(iii) The central limit theorem (cf. Section 4) or Stirling’s formula take 
care of (2.8). 
The last two lemmas are especially useful for obtaining the asymptotic 
behavior of C:)(X) and c:). 
LEMMA 2.4. For each 6 > 0, each fixed x E [0, I], and for n = 2, 3 ,... 
$x,1 --x)2(1 ++j 
(2.9) 
Proof. This follows by applying M, to the following inequality for f’ (cf. 
(2.1)) 
f (t - x)” <J(t) < + + & (t - x)2, (2.10) 
using the positivity of M, and inequality (2.3). As for (2.10), it is easily verified 
that the graph of the left-hand side runs through the vertices of the polygonal 
graph of A while the right-hand side has a graph tangent to the edges of this 
polygon (cf. [4, formula (6.2)]). 
LEMMA 2.5. For each 6 > 0, each jixed x E [0, 11, and for n = 2, 3 ,... 
n-l12Sn(x) < M,(fi x) < n-1/2S,(x) + --& x(1 - x)” (1 + -&j . (2.11) 
Proof. From the definition ofj(cf. (2.1)) it easily follows that 
;z I t - x I <f(t) e s I t - x I + (W) (t - 4”. (2.12) 
The inequalities (2.11) now are a direct consequence of (2.12), (2.3), and the 
definition of S, (cf. (2.4)). 
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3. THE CASES 01 = 4 AND 01= 1 
From Lemma 2.1 and the definition of c:)(x) (cf. (1.2)) we obtain the following 
explicit expression for this quantity. 
c(n)(x) = P2)-YT,(x) + R?)(x), (3.1) 
where 
R:‘(x) = nl-” (1 - Xr+l g1 flo (” ; “) xk (I & - x 1 -i”-“1, * 
As both S, and Rr) are continuous functions of x, the function c:)(x) is also 
continuous (cf. (1.3)). 
In this section we investigate the traditional case (y. = 3 and the computa- 
tionally simplest case 01 = 1. 
(3.1) The following theorem provides a simple and fairly sharp upper 
bound for ca”)( ) x , an d immediately yields the inequality c(~/~) < 0.25, which is 
a considerable improvement on the value 0.533 obtained in [2]. 
THEOREM 3.1. For CC/~)(X) us defined in (1.2) one has 
p(x) < $ + + & /x(1 - x)” + X2(1 ,;(; - “‘1 < $ + + x(1 - CC). 
(3.2) 
Proof. This follows immediately from (2.10) with 6 = n-*j2 and (2.2). 
Remark. Proceeding as in [4, p. 271, one obtains CC/~)(X) < i(x(l - CC))~/~, 
which is slightly better than the second inequality in (3.2). 
COROLLARY. If N2) is dejined as in (1.4), then 
G/2’ < 0.200. (3.3) 
Proof. Using Lemma 1 from [7] we get for x E [0, I] 
cp2)(x) < $ + g 11 - 4(; 1 ;j21 (n = 2, 3,...), 
the right-hand side of which is smaller than 0.1991 for n > 3. Furthermore 
c~““)(zx) = x(1 - x)” < & < 0.15 and by (3.2) CC/~)(X) < & + 6(x” - 4x2 + 3x), 
which has a maximum on [0, l] equal to 0.1901. This proves (3.3). 
Making use of an inequality for M,((t - x)~; X) of the same type as (2.3), 
using detailed information about S,(x) (cf. Lemma 2.3) and treating the first 
eight values of n separately, we have proved the following theorem. 
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THEOREM 3.2. 
c(1:2) < 0.170. 
The proof is long and tedious, and it does not seem worthwhile to give full 
details on this partial result. We were unable to prose what the precise value of 
c(ljz) is. However, we do have the following conjecture (cf. (4.2)). 
Conjecture. 
c(1/2) = lim c(l/Z) 
n-m2 Iz 
and hence (cf. Theorem 4.1) 
d1j2) = 0.15468679. 
TABLE I 
n ssxn) Ryyx,) CF’yXn) 
1 0.14814815 0.00000000 0.14814815 
2 0.14915534 oooo 0.14915534 
3 0.15205933 0000 0.15205933 
4 0.15178321 0014 0.15178335 
5 0.15268381 0024 0.15268404 
6 0.15250481 0382 0.15250868 
7 0.15293792 0396 0.15294187 
8 0.15282271 1364 0.15283635 
9 0.15307647 1259 0.15308906 
10 0.15299735 2591 0.15302326 
136 0.15352083 0.00112097 0.15464180 
137 182 1772 3954 
138 131 1699 3830 
139 227 1149 3376 
140 177 1001 3178 
141 271 1756 4027 
142 222 1522 3744 
143 313 2250 4563 
144 266 2065 4331 
145 354 2370 4124 
146 308 2236 4544 
147 394 2105 4499 
148 349 2024 4373 
149 433 1443 3876 
150 0.15352389 0.00111418 0.15463807 
Remark. The conjecture is inspired by numerical evidence. For this we refer 
to Table I, where the values of Sn(x,), R$f/2)(~,), and c~/~)(x,) are listed for 
n = l(1) 10, 136(l) 150, where x, is such that Sn(xn) = 11 S, 11 (cf. Lemma 2.3). 
As S,(x) is by far the dominant part of c:/‘)(x), these values are lower bounds 
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that should be very close to c, (‘P) ( this is confirmed by the numerical values of 
&t/2’, which were computed for n = l(1) 150). The sequence c’,“‘)(x,,) seems to 
tend to its supremum as n ---f cc without being monotone, even for values of n 
having the same parity, though /I S,‘ 11 is increasing for such values of n (Lemma 
2.3). It seems very likely that the ct/‘) are not monotone (in this sense) either, 
a circumstance that would make it difficult to prove our conjecture. 
(3.2) As in the case of the Bernstein operators (cf. [5]), the case 01 = 1 is 
the most tractable one. We have 
THEOREM 3.3. For cc)(x) as defined in (1.2) one has 
cp(x) < ; + --L xc1 ; 4 l x(1 - X) 
ntl -=s+ 2 . 
(3.4) 
Proof. This is a direct consequence of (2.10) with 6 = n-l and (2.2). 
COROLLARY. If c(l) is dejned as in (1.4), then 
c(l) = -$ = 0.148148. 
Proof. As C;“(X) = x(1 - x)~, we have cil) = 2%. From (3.4), the middle 
part of which is decreasing in n, we see that CL’)(X) < & < & , and the result 
follows. 
The following result is slightly more precise than Theorem 2.1 of [2]. 
THEOREM 3.4. If f has a bounded second derivative on [0, 11, then 
Proof. Taking into account the definition of C:‘(X) (cf. (I.2)), this follows 
from (2.2) and (2.10) with 6 = n-l, together with the observation (cf. [5]) that 
4f; n-‘) < n-l supo~f~, I f”(f)l . 
4. THE ASYMPTOTIC BEHAVIOR OF c:)(x) AND cg' 
The asymptotic degree of approximation of functions in C,[O, l] by the 
operators M, can be treated in the same way as in the case of the Bernstein 
operators, though some of the technical details are slightly more complicated. 
In the proofs, which are similar to those in [4, 6], we shall not give every detail. 
The asymptotic degree of approximation of functions in C[O, I] was considered 
by Walk [8, p, 951. 
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We start with the most delicate case 01 = -i, where S and Rif”) are of the 
same order (cf. (3.1)). For details we refer to the analogo”us proof in [4]. 
THEOREM 4.1. For @“)(x) and CL’/‘) as de$ned in (1.2) and (1.3) we have, 
putting X = N2(1 - x), 
P(*) : = fz &y2)(x) 
= (2’7-1’2 x + 2X fl j-G (u -j/X) p)(u) du (0 < x < l), (4.1) 
lim &l/2) = ~(l/~)(*) 
n-tm 
= + (6.rr)-1’2 
! 
1 + 2 fr exp (- %)I - 2 gri [l - @ (yj)! 
= 0.15468679, (4.2) 
where v(u) = (2r)-l12 exp(--u2/2) and Q(u) = jzrn T(V) dv. 
Proof. The proof is essentially an application of the central limit theorem. 
In view of Lemma 2.1 and formula (1.1) we can write 
,+/Z)(X) = + n1’2E / & - x 1 + $I2 gl E (/ & - x 1 - jr112)+ . 72 
(4.3) 
Here K, can be written as K, = ClLt Kt;“‘, where the Kf) are independent and 
are distributed as K, . It follows (cf. [I, p. 2591) that K, is asymptotically 
normal with (asymptotic) mean nzc/( 1 - X) and (asymptotic) variance nx/( 1 - z)“. 
As furthermore n&K, + ) n -+ 1 - x by the strong law of large numbers (cf. 
[l, p. 238]), from (4.3) we obtain 
c~‘~)(x) - &XE 1 U, 1 + X 2 E(I lJ, I -j/X)+ . 
j=l 
Here U, := (K,(l - X) - nx) (nx)) r12 is asymptotically normal with mean 
zero and variance one. From this asymptotic normality, using the fact that for a 
nonnegative random variable Y 
E(Y - a)+ = sm (y - a)dF(y) = /= (1 -F(y)) dy (a 3 O), (4.4) 
a a 
it follows that 
22 c:‘~)(x) = &XE 1 U 1 + X f E(I U I -j/X)+ , (4.5) 
j=l 
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where U has distribution function Q, as defined in Theorem 4.1. Formula (4.5) 
is equivalent to (4.1). F rom (4. l), using (4.4) once more, we obtain (4.2) without 
much difficulty, using arguments similar to those in [4, p. 36j. 
The case 01 # i can be dealt with much more easily. We have 
THEOREM 4.2. For c:)(x) as dejked in (1.2) one has, for n -+ co and putting 
X = xliz(l - 3) again, 
c?‘(x) - (25--l” Xn(l”)-’ (0 < 01 < +), (4.6) 
c?‘(x) N 4x2 (8 < 01 < 1). (4.7) 
Furthermore 
G) & - #(&p2 &12)-a = 0.15355296n(i/2)-" P-8) 
(u) c, - -& = 0.07407407 (S < a < 1). (4.9) 
Proof. Formulas (4.6) and (4.8) follow from (2.1 l), (2.8) and the fact that 
cr) := maxO~‘r~l c:)(x). Likewise (4.7) and (4.9) are a consequence of (2.9). 
Remark. It is much easier to prove Theorem 4.2 in the way indicated above 
than by use of the central limit theorem, which seems the most obvious tool for 
proving Theorem 4.1. 
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